Stability of perturbed nonlinear parabolic equations with Sturmian property  by Chaves, Manuela & Galaktionov, Victor A
Journal of Functional Analysis 215 (2004) 253–270
Stability of perturbed nonlinear parabolic
equations with Sturmian property
Manuela Chavesa and Victor A. Galaktionovb,c,
aDepartment of Mathematics, Autonoma University of Madrid, Madrid 28049, Spain
bDepartment of Mathematical Sciences, University of Bath, Bath BA2 7AY, UK
cKeldysh Institute of Applied Mathematics, Miusskaya Sq. 4, Moscow 125047, Russia
Received 1 February 2002; accepted 22 March 2004
Communicated by Paul Malliavin
Abstract
We study stability of an equilibrium f  of autonomous dynamical systems under
asymptotically small perturbations of the equation. We show that such stability takes place
if the domain of attraction of the equilibrium f  contains a one-parametric ordered familyF:
In the stability analysis we need a special S-relation (a kind of ‘‘restricted partial ordering’’) to
be preserved relative to the familyF: This S-relation is inherited from the Sturmian zero set
properties for linear parabolic equations. As main applications, we prove stability of the self-
similar blow-up behaviour for the porous medium equation, the p-Laplacian equation and the
dual porous medium equation in R with nonlinear lower-order perturbations. For such one-
dimensional parabolic equations the S-relation is Sturm’s Theorem on the nonincrease of the
number of intersections between the solutions and particular solutions with initial data inF:
This Sturmian property plays a key role and is true for the unperturbed PME, but is not true
for perturbed equations.r 2004 Elsevier Inc. All rights reserved.
Re´sume´
Non e´tudions la stabilite´ d’un e´quilibre autonome f  de syste`mes dynamiques, sous des
perturbations asymptotiquement petites de l’e´quation. Nous prouvons que cette stabilite´
apparaıˆt si le domaine d’attraction de l’e´quilibre f  contient une famille a` un parame`tre
ordonne´e,F: Dans l’analyse de la stabilite´, nous avons besoin qu’une relation spe´ciale, la S-
relation (qui est une sorte ‘‘d’ordre partiel restreint’’), soit pre´serve´e relativement a` la famille
F: Cette S-relation de´coule des proprie´te´s de l’ensemble des ze´ros Sturmiens pour les
e´quations paraboliques line´aires. Comme principales applications, nous montrons la stabilite´
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du comportement auto-similaire pour l’e´quation des milieux poreux, l’e´quation du p-
Laplacien et l’e´quation duale des milieux poreux dans R; avec des perturbations non-line´aires
d’ordre infe´rieur. Pour de telles e´quations paraboliques en dimension un, la S-relation est en
fait le the´ore`me de Sturm sur la non-croissance du nombre d’intersection entre les solutions
ge´ne´rales et les solutions particulie`res avec donne´e initiale dans F: Cette proprie´te´
Sturmienne joue un role fondamental et reste valable pour l’e´quation des milieux poreux
non perturbe´e, mais cela n’est plus le cas pour des e´quations perturbe´es.
r 2004 Elsevier Inc. All rights reserved.
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1. Introduction: perturbed dynamical systems and applications to blow-up problems
We consider a dynamical system in a metric space X ;
vt ¼ AðvÞ for t40; ð1:1Þ
and a non-autonomous equation which is an asymptotically small perturbation of
(1.1) written in the form
ut ¼ Bðu; tÞ for t40: ð1:2Þ
The main goal is to show that, under some hypotheses on the equilibrium f  of the
unperturbed equation (1.1) and an extra-topological structure of the ﬂow in its
neighbourhood, compact orbits of (1.2) in an appropriate class converge to f :
Hence, the o-limit set of the perturbed equation (1.2) is given by f  meaning the
stability of the o-limit set of (1.1) under arbitrary small perturbation of the
dynamical system.
1.1. Application: blow-up in nonlinear heat equations
As main applications induced the abstract scheme, we study the problem of
stability of self-similar blow-up for a number of one-dimensional heat equations of
the form
ut ¼ CðuÞ þ gðx; t; u; uxÞ in R ð0; TÞ; ð1:3Þ
where C is a scaling invariant nonlinear operator of the form
CðuÞ ¼ ðumÞxx þ up ðthe porous medium operatorÞ; ð1:4Þ
CðuÞ ¼ ðjuxjm1uxÞx þ up ðthe p-Laplacian operatorÞ; ð1:5Þ
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CðuÞ ¼ juxxjm1uxx þ up ðthe dual porous medium operatorÞ; ð1:6Þ
with exponents m41 and p41 (other more general nonlinearities can be considered).
The term gð	Þ on the right-hand side of (1.3) stays for a perturbation of the scaling
invariant ﬂow given by the autonomous equation
ut ¼ CðuÞ in R ð0; TÞ: ð1:7Þ
Such unperturbed nonlinear heat equations are directly related to well-established
models from combustion and detonation theory [24] describing ﬁnite time blow-up
processes; see Refs. [4,21]. Existence an uniqueness of weak solutions of the
Cauchy problem for such equations with bounded integrable initial data are well
known [8,17].
In some parameter ranges, the stable generic blow-up in the unperturbed equation
(1.7) is described by self-similar solutions. Obviously, the autonomous equations are
invariant under a group of scaling transformations and admit self-similar solutions
of the standard form
uðx; tÞ ¼ ðT  tÞaf ðxÞ; x ¼ x=ðT  tÞb; a ¼ 1=ð p  1Þ; ð1:8Þ
where T40 is the blow-up time of the solution. One can calculate the exponents b:
b ¼ ðp  mÞ=2ð p  1Þo1
2
for operator (1.4), b ¼ ð p  mÞ=ð p  1Þðm þ 1Þ for (1.6)
and b ¼ ð p  mÞ=2mð p  1Þ for (1.6). Then fX0 satisﬁes the following nonlinear
ODEs:
Að f Þ 
 Cð f Þ  bxf 0  af ¼ 0; xAR; f ðxÞ-0 as x-N: ð1:9Þ
Existence and uniqueness of a unique similarity proﬁle f  ¼ f ðxÞ in the range bo0
is well-known; see [10] for (1.4) and [6] for general operators. Stability of such
similarity proﬁles relative to perturbation of initial data has been proved in [12] for
(1.4) and in [7] for (1.4)–(1.6) by different evolution methods.
Consider now a solution uðx; tÞ of the perturbed equation (1.3) blowing up at a
ﬁnite T40: It is natural to introduce the rescaled variables inherited from similarity
solutions
yðx; tÞ ¼ ðT  tÞauðx; tÞ; x ¼ x=ðT  tÞb; t ¼ lnðT  tÞ: ð1:10Þ
The rescaled solution yðx; tÞ satisﬁes the perturbed equation
yt ¼ Bðy; tÞ 
 AðyÞ  Gðx; t; y; yxÞ in Rþ  ðt0;NÞ; t0 ¼ ln T ð1:11Þ
and the perturbation takes the form
Gðx; t; y; yxÞ ¼ eðaþ1Þtgðxebt; T  et; eaty; eðaþbÞtyxÞ: ð1:12Þ
We assume that
Gð	; t; 	; 	Þ-0 as t-N ð1:13Þ
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on compact orbits. We thus arrive at Eq. (1.2) which is an asymptotically small
perturbation of the autonomous one (1.1). We then need to prove that small
perturbations do not change the asymptotic behaviour of compact orbits. We will
discuss some other applications to ﬁnite-time extinction problems.
Using a class of perturbed blow-up problems, we show that the intersection
comparison principles based on Sturm’s Theorem can be applied to the asymptotic
analysis of non-autonomous perturbed equations in order to study omega-limit sets
of compact orbits. This is done by a modiﬁcation of the notion of stability of f 
which now includes an oriented intersection S-relation inherited by the limit
autonomous equation. In Section 2, we present an abstract framework of the
approach. In Sections 3 and 4, we consider applications to stability in blow-up and
extinction problems.
2. Hypotheses and the S-theorem
We begin with the main notions, properties and hypotheses related to the
corresponding counterparts occurring in the above applications to blow-up
problems. We will use basic notations from [14], where the stability theorem is
proved without using partial ordering.
Let X be a complete metric space with the distance function dð	; 	Þ: In the
application to parabolic blow-up problems, where the Sturm theorem on zero sets
plays a key role, the space X ¼ C1ðIÞ; where ICR is a bounded closed interval, is a
natural metric for using Sturmian intersection properties. Then transversal
intersections with stationary proﬁles in the autonomous evolution are stable by
the standard parabolic regularity results and the Maximum Principle. In main
applications, due to a special geometric structure of solutions and the standard
regularity theory, we also can take X ¼ CðIÞ:
We deal with a bounded classL of solutions uACð½0;NÞ : XÞ of (1.2) deﬁned for
every t40 with values in X : By U ¼ fu0g we denote the corresponding bounded
subset of admissible initial data. Actually, the analysis is based on metric-topology
arguments applied to families of curves fuðtÞg and fvðtÞg; which are formally treated
as solutions of the abstract equations (1.2) and(1.1), respectively. Therefore, we do
not need to specify in which sense solutions satisfy the equations and deal just with
continuous solutions.
Denote by oðu0Þ the o-limit set of an orbit fuðtÞ; t40gCL of Eq. (1.2) with initial
data u0AU
oðu0Þ ¼ f fAX : there exists a sequence ftjg-N such that uðtjÞ-f g;
which is assumed to be compact subset of X :
By fjt g; we denote a continuous semigroup induced by the autonomous equation
(1.1), globally deﬁned on a bounded subset V of admissible initial data. The
corresponding bounded class of solutions vðtÞ ¼ jt ðv0ÞACð½0;NÞ : X Þ with v0AV 
is denoted by %L: However, we only deal with a ‘‘restricted’’ class LD %L and its
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corresponding subset U of initial data. Both subsets are characterized later on. By
oðv0Þ with v0AU; we denote the corresponding o-limit set. Let f  be an
equilibrium
jt ð f Þ 
 f :
Let us present the main hypotheses.
(H1) Compactness of the orbits of (1.2). We assume that, for any data u0AU ; orbit
fuðtÞ; t40g is relatively compact in X ; and if
usðtÞ 
 uðt þ sÞ; t; s40;
then the sets fusg are relatively compact in LNlocð½0;NÞ : XÞ:
(H2) Convergence of equations. This means that Bð	; tÞ is a small perturbation of
Að	Þ in the sense that given a solution uðtÞAL of (1.2), if for a sequence ftjg-N the
sequence fuðtj þ tÞg converges in LNlocð½0;NÞ : X Þ as j-N to a function vðtÞ; then
vðtÞAL is a solution of (1.1).
Next, we introduce key hypotheses including a topological (oriented intersection,
in applications) S-relation of partial ordering induced by the non-perturbed
evolution driven by Eq. (1.1). We present ﬁrst the hypotheses related to the
autonomous equation.
(H3) Ordered invariant one-parametric family from domain of stability. Let
W sð f Þ be the domain of attraction (asymptotic stability) of the equilibrium f 
W sð f Þ ¼ fu0AU : jtðu0Þ-f  as t-Ng:
We assume that there exists a one-parametric continuous set F ¼
f fm; mAðm1; m2ÞgCW sð f Þ such that fm ¼ f  for some mAðm1; m2Þ: Each closed
subinterval f fm; m1oapmpbom2g is relatively compact in X :
The family F is one-parametric and we assume that it admits a total ordering
denoted by% in the sense that fm%fn (or fnkfm) for all mpn: Moreover, fm!fn for all
mon; i.e., fmafn:
For any mAðm1; m2Þ; denote
FmðtÞ 
 jtð fmÞ-f  as t-N: ð2:1Þ
The invariance of the family means that for every mAðm1; m2Þ and t40; FmðtÞAF:
i.e., FmðtÞ 
 frðtÞ for some continuous function rðtÞ with rð0Þ ¼ m: This implies that
for the autonomous equation (1.1) we need to specify two orbits fF7ðtÞ; tARg;
F7ðtÞ-f  as t-N satisfying Fðt1Þ!Fðt2Þ and Fþðt1ÞgFþðt2Þ for any t1ot2 and
FðtÞ!f !FþðtÞ for any tAR:
(H4) Asymptotic structural properties and intersection S-relation for (1.1).
(i) Asymptotic transversality of F: There exist m1onomom2 such that for any
v0AU;
fn!v0!fm: ð2:2Þ
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(ii) S-relation and S-semigroup: We assume that the total ordering in F can be
extended as a binary relation for solutions in L: As we have mentioned, in the
applications this S-relation is induced by the Sturmian intersection property. It can
be classiﬁed as a ‘‘restricted partial ordering’’ of solutions vðtÞAL with data from
U and elements of F ¼ f fmg:
The S-relation % satisﬁes two properties of partial ordering for any v; v1; v2AU:
(i) (reﬂexivity) v%v; and
(ii) (antisymmetry) v1%v2 and v2%v1 imply v1 ¼ v2:
The constraint of S-relation induced by the subsetF of particular elements does
not satisfy the transitivity property, i.e., v1%fm%v2 does not imply that v1%v2 for
any v1; v2AU: Actually, such relation is deﬁned relative to the elements ofF only,
and we do not deﬁne any partial ordering in U or L:
Later on we will use % as a standard ordering relation, so that v!fm means that
v%fm and vafm: The S-relation is assumed to be closed meaning that for any
convergent sequence fvngCU there holds
vn%fm and vn- %f ) %f fm: ð2:3Þ
Let us present the main hypothesis on the autonomous evolution: the semigroup
jt on U
 induced by Eq. (1.1) preserves the S-relation relative to the set F (and is
called an S-semigroup) in the following sense: given a m40;
v0!fmðv0gfmÞ ) vðtÞ!FmðtÞðvðtÞgFmðtÞÞ for all t40: ð2:4Þ
Moreover, although is not always necessary for the asymptotic analysis, in main
applications the semigroup jt is strong S-semigroup, i.e., for any given m40; t0X0
and arbitrarily small t40; there exists a d40 such that
vðt0Þ!Fmðt0Þðvðt0ÞgFmðt0ÞÞ ) vðt0 þ tÞ!Fmdðt0 þ tÞðvðt0 þ tÞgFmþdðt0 þ tÞÞ:
Dynamical systems generating order-preserving semigroups satisfy a number of
fundamental properties, and their asymptotic behaviour is well understood, see Refs.
[16,18,19,22].
Our applications to blow-up singularities in reaction–diffusion or reaction–
absorption equations deal with dynamical systems admitting no partial ordering
between solutions having the same blow-up time. One can see that the S-relation of
restricted partial ordering in (H4) which mimics the Sturm Theorem on zero sets for
linear parabolic equations, expresses purely geometric intersection properties of
curves and cannot be extended to any partial ordering of solutions.
In the applications to reaction–diffusion parabolic problems, such a geometric
topological constraint means that the functions fmðxÞAF must intersect each other
with a ﬁxed number of intersections. In typical applications with radial symmetry,
such intersection is always unique and transversal. The same is supposed to be true
for more general solutions. Otherwise, if a sufﬁcient number of intersections is not
available, such solutions do not belong to a suitable functional class L: The
Maximum Principle for one-dimensional parabolic equations stated as the ﬁrst
ARTICLE IN PRESS
M. Chaves, V.A. Galaktionov / Journal of Functional Analysis 215 (2004) 253–270258
Sturm theorem on non-increase of the number of intersections between solutions,
can be treated as a dissipativity-like property of parabolic evolution but is not an
order-preserving property of parabolic ﬂows. Under special conditions, the number
of intersections IntðtÞ between two given solutions can be ﬁxed for special geometric
conﬁgurations, so that IntðtÞ does not increase by Sturm’s theorem [23] and, on the
other hand, does not decrease if it is the minimal admissible one generated by the
topology structure of the setF (and the corresponding orbits on a stable manifold
of f ). Under these special circumstances, existence of a ﬁxed number of intersections
can be treated as a oriented intersection constraint. Given two solutions of the
rescaled autonomous parabolic equation, yðx; tÞ and Fmðx; tÞ; the total number of
intersection IntðtÞ should be taken into account with a local character of
intersections. We then count the intersections with signs. For instance, consider
the case of a single intersection so that jIntðtÞj ¼ 1: We say that IntðtÞ ¼ þ1 if the
difference yðx; tÞ  Fmðx; tÞ changes sign from  to þ when increasing x crosses the
intersection, and IntðtÞ ¼ 1 otherwise. The mutual geometric locations with
IntðtÞ ¼ þ1; denoted by yð	; tÞ!Fmð	; tÞ; and IntðtÞ ¼ 1; denoted by
yð	; tÞgFmð	; tÞ; differ from each other. Moreover, these cannot be transformed into
each other via evolution since by continuity and standard intersection comparison
arguments we would conclude that Intðt0Þ ¼ 0 for some t0; and hence IntðtÞ 
 0 for
any t4t0 by the usual comparison (the MP) for parabolic equations. Moreover, this
would mean that yðx; tÞeL:
We now state the main stability theorem (the S-theorem, for short).
Theorem 2.1. Under hypotheses (H1)–(H4), for any u0AU there hold
oðu0Þ ¼ f :
We begin with a key proposition providing us with a consistency between metric
and topology for the unperturbed equation restricted to the o-limit set of the
perturbed equation.
Proposition 2.1. Given a solution fuðtÞgAL of (1.2) with u0AU ; for any e40; there
exists l0 ¼ l0ðeÞ40 satisfying l0ðeÞ-0 as e-0; such that for a fAoðu0Þ; there holds
fml%f%fmþl for a lAð0; l0ðeÞ ) dð f ; f Þoe: ð2:5Þ
Proof. Assume for contradiction that there exists a constant e040 and sequences
flng-0 and f fngCoðu0Þ such that
fmln%fn%fmþln but dð fn; f ÞXe0: ð2:6Þ
Since by the assumption, f fng is a compact sequence, there exists a converging
subsequence f fnkg- %fAX : Since the restricted partial ordering is closed we obtain
f % %f f : Hence %f ¼ f  and a contradiction with (2.6) follows. &
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Proof of Theorem 2.1. Consider a bounded orbit fuðtÞ; t40g with u0AU : Let us
prove that
uðtÞ-f  as t-N: ð2:7Þ
We argue by contradiction. Assume that there exist a constant e40 and a sequence
ftjg-N such that
dðuðtjÞ; f Þ4e; j ¼ 1; 2;y : ð2:8Þ
Fix l0 ¼ l0ðe=2Þ with l0 being the function deﬁned in Proposition 2.1. Let fn and fm
be the proﬁles from (2.2), and consider the corresponding solutions FnðtÞ and FmðtÞ:
By (2.1), there exists t0b1 such that
Fnðt0Þ 
 fr1ðt0Þ and Fmðt0Þ 
 fr2ðt0Þ; ð2:9Þ
where 0om  r1ðt0Þol0 and 0or2ðt0Þ  mol0: Consider the sequence ftˆj ¼
tj  t0g-N with uðtˆjÞ-gAoðu0Þ as j-N choosing a subsequence if necessary.
From (2.2) we have that
fn%g%fm: ð2:10Þ
On the other hand, by (H2) choosing a subsequence, we have that uðtˆj þ tÞ-vðtÞ
locally, where vðtÞ is a solution of (1.1) with initial data vð0Þ ¼ gAoðu0Þ: Hence,
dðvðtÞ; uðtˆj þ tÞÞpe=2 for jb1; ð2:11Þ
uniformly on tA½0; t0:
It follows from (2.10) and (2.11) and the S-relation property in (H4), that
FnðtÞ%vðtÞ%FmðtÞ; tA½0; t0: ð2:12Þ
Taking into account (2.9), we have that vðt0ÞAoðu0Þ satisﬁes
fml%vðt0Þ%fmþl with a lAð0; l0ðe=2Þ:
Then Proposition 2.1 guarantees that
dðvðt0Þ; f Þoe=2: ð2:13Þ
Hence, for all jb1;
dðuðtjÞ; f Þ ¼ dðuðtˆj þ t0Þ; f Þpdðuðtˆj þ t0Þ; vðt0ÞÞ þ dðvðt0Þ; f Þpe
ð2:14Þ
contradicting (2.8). &
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3. Applications to stability in blow-up problems
We apply the above S-theorem to Eq. (1.3) with operators (1.4)–(1.6). After
rescaling (1.10) we arrive at the perturbed equation (1.11) to be compared with the
corresponding unperturbed, autonomous one
yt ¼ AðyÞ; t40: ð3:1Þ
ODEs for the similarity proﬁles take the form (1.9). In what follows, we denote by
f ðxÞX0; f c0; a non-trivial rescaled similarity proﬁle (equilibrium)
Að f Þ ¼ 0 in R; f ðxÞ-0 as x-N:
In the case of quasilinear operators (1.4) and (1.5), f  is a weak solution, while for
the fully nonlinear equation with operator (1.6), it is a mild solution or a proper
maximal solution constructed by monotone approximations via uniformly parabolic
equations; see [5,15] and references therein. Same deﬁnitions apply to the rescaled
solution yðx; tÞ (and uðx; tÞ) so that y is a unique weak solution of the ﬁrst two
equations and mild, maximal one for the third equation.
In the case bo0; any stationary proﬁle f ðxÞ is compactly supported since the
ODEs do not admit positive solutions f ðxÞ vanishing at inﬁnity. The proof in [21,
Chapter 4] for the ODE with operator (1.4), bo0; is extended to other ones.
Moreover, by similar arguments one can establish that there exists a non-trivial,
symmetric, compactly supported equilibrium f  (see details in [6]) which will be
proved to be unique and asymptotically stable.
3.1. Application of the S-theorem
Let X ¼ CðIÞ be the space of bounded and continuous compactly supported
functions deﬁned on sufﬁciently large closed symmetric interval I ¼ ½k; k; kb1;
with the distance function given by the LN-norm jj 	 jj: The solution class L is
L ¼ fyðtÞX0: yðtÞAX satisfies ð1:11Þ and c1pjjyðx; tÞjjpc2 8tXt0g;
ð3:2Þ
where c1 ¼ c1ðkÞ40 is a sufﬁciently small constant and the constant c2 ¼ c2ðkÞ4c1
is large enough. We denote by U the class of such smooth compactly supported
initial data y0 such that the corresponding solution yAL: The classL of solutions
yðtÞ of the unperturbed equation (3.1) is deﬁned in the same way, and by U we
denote the bounded set of the corresponding initial data y0:
We next prove via the S-theorem that for any positive k; there holdsLCW sð f Þ:
In order to apply the S-theorem, we need to check hypotheses (H1)–(H4). To begin
with, we note that interior regularity results for parabolic equations guarantee the
compactness and convergence hypotheses (H1) and (H2). To see that oðy0ÞAU for
every y0AU we argue as follows. Assume for contradiction that there exists
f ¼ limj-N yðtjÞAoðy0Þ which does not belong to U: This means that one of the
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bounds in the deﬁnition ofL is not true for the corresponding solution yðx; tÞ and
some t14t0: By the convergence yðx; tþ tjÞ-yðx; tÞ uniformly on ½t0; t1  R we
deduce that the assumption holds for yðx; t0 þ tjÞ for any tjb1 contradicting the
deﬁnition of L:
Consider the crucial hypotheses (H3)–(H4) dealing with the class of solutions L
for the unperturbed equation (3.1) (cf. [7]).
(H3) Let us introduce the family FCW sð f Þ: We deﬁne functions fm for every
mAR by translation
fmðxÞ ¼ f ðx mÞ in R:
The corresponding solution FmðtÞ of the unperturbed parabolic equation (3.1) is
given explicitly
FmðtÞ ¼ jtð fmÞ 
 f ðx mebtÞ in R Rþ:
Since bo0; we have that for any mAR; FmðtÞ-f  as t-N uniformly on compact
subsets in R; so that FCW sð f Þ: Thus,
F ¼ f fm; mARg
is a continuous one-parametric family of functions satisfying fm 
 f  for m ¼ 0 and
fmð	Þ-0 ¼ fN as m-7N: ð3:3Þ
The total ordering% inF is straightforward. It characterizes the number and the
character of intersection of proﬁles from F: We say that fl!fn if these proﬁles
intersect each other exactly once and the difference fnðxÞ  flðxÞ has a change of sign
from  to þ at the intersection. Then fl%fn means that either fl!fn or fl ¼ fn:
(H4) (i) Asymptotic transversality of F: Property (2.2) follows from obvious
geometric structure of the family F: In particular, it sufﬁces to observe that the
interfaces amobm of the function fmðxÞ satisfy
am-7N; bm-7N as m-7N:
This implies that the asymptotic transversality assumption holds for any initial data
with compact support.
(ii) S-relation and S-semigroup: We keep the same deﬁnition of ! and % as in
(H3) for functions y0AU
: Obviously, both the reﬂexivity and antisymmetry
properties of the S-relation hold. In order to show that the S-relation is closed in the
sense of (2.3) and that the S-semigroup property (2.4) holds, we need to prove special
intersection properties characterizing solutions in L: The proof relies on the
existence of a two-parametric family of functions G ¼ f f lm g from the local domain
of unstability W uð f Þ of the equilibrium f : These functions are deﬁned as follows:
f lm ðxÞ ¼ laf ððx mÞlbÞ; mAR; lAR:
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The corresponding solutions of the PDE (3.1) are given explicitly
Flmðx; tÞ ¼ ð1 ð1 lÞetÞaf ððx mebtÞð1 ð1 lÞetÞbÞ: ð3:4Þ
These rescaled solutions are obtained from the self-similar ones for the original PDE
by translations in both independent variables x and t: We have that for any ﬁxed m;
solutions (3.4) stabilize as t-N to the trivial one fN 
 0 if l41 and blow-up in ﬁnite
time if lo1: For l ¼ 1 we are given the familyF from the domain of stability of f :
We now state the main intersection property of parabolic evolution inL: Given a
solution yAL; by ImðtÞ 
 Intðt; fmÞ we denote the number of intersections of yðx; tÞ
and the function fmðxÞ:
Lemma 3.1. Let yðtÞAL and y0eF: Then
(i) for any mAR; ImðtÞ40 for tX0; and
(ii) Intðg; f Þ40 for any gAoðy0Þ:
Proof. (i) Assume for contradiction that there exist t040 and n such that Inðt0Þ ¼ 0
so that the proﬁles do not intersect each other and hence are ordered uniformly in R:
We may assume without loss of generality that n40:
We begin with the case yðx; t0ÞpfnðxÞ for every xAR: Then, by the usual
comparison we have that InðtÞ ¼ 0 and yðtÞpFnðt t0Þ for every tXt0: Assume for
a moment that at t ¼ t0 no contact points are available on the interfaces. Then, by
applying the strong Maximum Principle to solutions in the domain of strict positivity
(and hence sufﬁcient regularity), we have that the solutions are strictly separated at
t ¼ t0 þ d with d40 being arbitrarily small. By continuity the same is true for y and
f ln if lE1
: By considering the associated non-stationary solution Fln ðx; t t0Þ after
shifting in time, we get that yð	; tÞ-0 as t-N uniformly in R: This contradicts the
assumption yAL: If yðx; t0ÞXfnðxÞ in R; the proof is similar by choosing nE1þ: In
this case we obtain that the solution blows up in ﬁnite time again contradicting the
same assumption.
Finally, let us prove that there exists a t14t0 when interfaces are separated and
hence the previous argument applies at the moment t1 þ d for the proﬁle fg with
g ¼ n or gEn: If interfaces are not separated for every tXt0; we ﬁx tb1 such that
function Fln ðt tÞ has a unique intersection with y0 by choosing lE1: It follows
from this construction and obvious properties of the family G that IlmðtÞ 

Intðt; f lm ÞX2 whence a contradiction.
(ii) Given a sequence ftkg-N; we pass to the limit tk þ t-N so that yðtk þ
tÞ-*yðtÞ: Then the same argument applies to the solution *yAL of Eq. (1.11) with
initial data gAoðy0Þ: &
Let us show that the S-relation is closed in the sense of (2.3). Indeed, if %f fm does
not hold, then, by construction, the only possibility is that %fcfm does not intersect fm:
Since %fAU; this contradicts Lemma 3.1(i).
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Finally, we prove that fjt g is an S-preserving semigroup preserving the S-relation.
This is a consequence of the Sturm theorem and Lemma 3.1. Assume that y0%Fmð0Þ:
This means that Imð0Þ ¼ þ1; i.e., there exists a unique intersection of the proﬁles and the
difference Fmðx; 0Þ  y0ðxÞ changes sign from  to þ at the intersection. For degenerate
equations admitting weak solutions, intersections can be a point or an interval. By the
Sturm theorem and Lemma 3.1, it follows that ImðtÞ 
 þ1 for every t40 and hence, the
same local character of the intersection is preserved in time. Therefore yðtÞ!FmðtÞ for
any t40: By repeating the arguments relative to the proﬁle fn and the solution FnðtÞ; we
obtain the opposite estimate yðtÞgFnðtÞ for all t40:
Hence, (H1)–(H4) hold and this provide us with the following conclusion.
Theorem 3.1. Any bounded and compactly supported rescaled solution yðx; tÞ of the
parabolic equation (1.11), with operators (1.4)–(1.6) satisfies one of the following
properties: as t-N;
either ðiÞ yðtÞ-0 or ðiiÞ yðtÞ-f 
uniformly in R:
As a straightforward consequence, we have that if yðtÞAL; then the solution satisﬁes
(ii). The estimates appearing in the deﬁnition of L may strongly depend on the
perturbation term G of the equation and the same is true in constructive
characterizations of the sets U and L: In the next section, we choose a special case
showing such constructive characterizations. The same technique is extended to more
general perturbations G satisfying (1.13) though this can cause some speciﬁc technical
difﬁculties depending on G: The application below shows how the invariance properties
of the semigroup jt can be used in order to get estimates for a ‘‘good’’ set of initial data.
This set provides us with a family #F satisfying (H3) and (H4) with respect to the
perturbed equation (1.11). Hence, although this equation is not autonomous, the
classical intersection comparison arguments apply to any solution of (1.11) and the
solutions with initial data in the family #F: We note that now we are comparing
solutions of the same Eq. (1.11). Then, the stability theory in [6] applies without changes,
and the convergence result follows for a wide class of initial data. Such an approach
allows to avoid rather delicate calculations and estimates for general orbits.
4. Global blow-up in nonlinear heat equations with source and other applications
In the ﬁrst application, we consider a general autonomous perturbation of the
form g ¼ gðuÞ and such that the rescaled perturbation G in (1.12) satisﬁes (1.13), i.e.,
hðuÞ ¼ upgðuÞ-0 as u-N: ð4:1Þ
We also assume that the function hðuÞ is globally bounded. It is convenient that with
this choice of general autonomous perturbations, some of the invariant properties of
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the semigroup jt remain valid for jt induced by the perturbed equation. In
particular, we will use the following properties of (1.3):
(i) given symmetric and decreasing for x40 initial data u0; the same holds for the
corresponding solution uðx; tÞ for every t40 (this follows from the Maximum
Principle), and
(ii) solutions are translationally invariant, uglðx; tÞ ¼ uðx þ l; t þ gÞ is also a solution
of the equation.
Denote byLk the subsetL depending on the length 2k of the interval ½k; k: We
have the following characterization of the subset L corresponding to the space
C0ðRÞ of continuous compactly supported functions.
Theorem 4.1. Define
U ¼ fu0AC0ðRÞ such that uðx; tÞ blows up at T ¼ 1g;
and let L be the set given by
L ¼ fyðtÞAC0ðRÞ is rescaled solution of ð1:11Þ; ð4:1Þ with initial data y0AUg:
Then
L ¼
[
kARþ
Lk:
Theorems 3.1 and 4.1 guarantee that any solution uAL of the perturbed
equations with arbitrary perturbations from class (4.1) has the asymptotic self-
similar behaviour with the unique rescaled similarity proﬁle f :
Proof. Step 1: Symmetric and decreasing initial data. We ﬁrst deal with this kind of
initial data for which the estimates involved in the deﬁnition ofLk can be obtained
much simpler thanks to space symmetry and monotonicity properties.
Let u0 ¼ y0AU : Let us prove that the corresponding rescaled solution yðx; tÞ
belongs to Lk for some sufﬁciently large k40: This means, keeping in mind the
deﬁnition ofLk; that it is globally bounded from above with compact support in Ik
for every tX0 and does not tend to the trivial zero solution, see (3.2). We may
assume that the function h is negative. The same proof with minor changes in the
construction of sub and supersolutions applies without this extra assumption. The
result is a consequence of the following estimates.
1. A lower bound: If u0 ¼ y0AU ; the following estimate holds:
jjyðtÞjj4c ¼ aa for any tX0:
Indeed, if this is false and jjyðt0Þjjpc for some t0X0; in the original variables we
obtain that
uðx; t0ÞpHðt0Þ 
 cð1 t0Þa with t0 ¼ 1 ebt0 :
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Hence, taking into account that Hðt þ cÞ is a supersolution of Eq. (1.1) for every
cAR and by the strong Maximum Principle, we obtain that for a ﬁxed positive d51
and arbitrarily small e40; uðx; t0 þ dÞpHðt0  eþ dÞ: By comparison, the same
inequality holds for tXt0 þ d and hence uðx; tÞ does not blow-up at time T ¼ 1
contradicting the assumption.
2. An upper bound: Let 7a be the interfaces of the symmetric equilibrium f ðxÞ:
On one hand, let us prove that there exists t0X0 such that
yðx; tÞpf ð0Þ þ 1 for all tXt0 and every jxjXa:
Assume that this is false for some x0Xa and a sequence ftjg-N: Then, by the
decreasing and symmetric hypotheses, the same holds for every xA½x0; x0: Using
that hðuÞ is globally bounded, we construct a subsolution in the following way. First
of all, consider small enough ﬁxed values of e and r such that for every j;
yðx; tjÞXð1 rÞafeðxð1 rÞbÞ; ð4:2Þ
where feðxÞ denotes the unique stationary solution to the nonlinear ODE
Að f Þ 
 Að f Þ  ef p ¼ 0; xAR; f ðxÞ-0 as x-N; ð4:3Þ
A being the operator deﬁned in (1.9). Note that fe can be obtained from the proﬁle
f  by rescaling. For instance, for the PME operator (1.4), the transformation is
given by
feðxÞ ¼ lf ðlðmpÞ=2xÞ; l ¼ ð1 eÞð p1Þ:
Finally, consider jb1 such that GðtÞpe for tXtj : With the above assumptions the
function
%
yðx; tÞ ¼ ð1 rettj Þafeðxð1 rettj ÞbÞ
is a subsolution of Eq. (1.11), (4.1) for tXtj : Hence, it follows from (4.2) by the
Maximum Principle that
%
yðx; tÞpyðx; tÞ for tXtj :
Since the subsolution
%
y blows-up at a ﬁnite t0; the same holds for the solution y: In
terms of the original variable uðx; tÞ this means that u blows up at time t0o1 and a
contradiction follows. In addition, we note that the upper bound in ½a; a can be
obtained as follows. One has that for every Mbf ð0Þ; the symmetric and decreasing
stationary proﬁle fM satisfying fMð0Þ ¼ M is a supersolution of (1.11) in ½a; a  Rþ
and fM-N in ½a; a as M-N: Then the result follows by applying the Maximum
Principle.
3. Localization of the support: Consider yðx; tÞAL and denote by aðtÞ and
bðtÞ 
 aðtÞ its left- and right-hand interfaces. Let us show that there exists a
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constant c40 such that
cpaðtÞobðtÞpc for every tX0:
Consider the function f ðx AÞ with shifted argument, where A40 is large enough
and such that
yðA; tÞof ð0Þ for every tX0; and yðx; 0Þpf ðx AÞ for xXA:
Since f ðx AÞ is a supersolution of (1.11) in ½A;NÞ  Rþ; the result follows by
comparison.
The previous estimates provide us with the convergence and stability result for any
symmetric and decreasing initial data fromL: We next extend the proof to arbitrary
compactly supported initial data.
Step 2: End of the proof of Theorem 4.1. Consider arbitrary initial data y0 satisfying
the previous hypotheses. Deﬁne a one-parametric family #F ¼ ffˆlðxÞ ¼ y0ðxþ
lÞ; lARg belonging to the domain of stability of f : Then, following the main lines of
the stability analysis of unperturbed equations in [6], Section 4, we see that this
family #F satisﬁes the crucial hypotheses (H3)–(H4) relative to the perturbed
equation (1.11), (4.1) and the sets L and U :
Therefore, the stability result [6] applies and proves the convergence of any
rescaled solution from L (with T ¼ 1) to the unique proﬁle f : Finally, we mention
that in Theorem 3.1 we proved that for yðx; tÞALk there holds yðx; tÞ-f  as t-N:
This implies that
ð1 tÞauðxð1 tÞb; tÞ-f ðxÞ as t-1
with uniform convergence on compact on x; whence uðx; tÞ blows up as t-1 and
u0AU : The proof is completed. &
The same stability analysis applies to more general perturbations under the
assumptions that the associated semigroup admits translations in both x and t; as
well as spatial symmetry and monotonicity properties.
4.1. On other applications
The abstract framework of the stability analysis admits other applications to
nonlinear reaction–diffusion–absorption equations. We begin with one of them
where the application is quite similar to the one presented above with an explicit
family F associated to the unique proﬁle f  is provided.
Extinction for quasilinear heat equations. A similar singular asymptotic
phenomenon occurs in the study of a perturbed similarity extinction behaviour for
a simple one-dimensional model
ut ¼ ðumÞxx  up þ gðuÞ in R ð0; TÞ;
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in the parameter range 0omopo1: The function gðuÞ again plays a role of a
small perturbation of the scaling invariant PME with strong absorption, and
one can see, by applying the stability theory above, that the asymptotic behaviour of
ﬁnite-time extinction is described by the unique nontrivial similarity solution
corresponding to the autonomous equation in the class of continuous solutions
satisfying (2.2). The existence and uniqueness of the proﬁle f  was study in [9], where
the authors derived estimates which allow us to deﬁne the relation ! in the
family F ¼ f fm ¼ f ðxþ mÞ; mARg constructed in a similar way as in the previous
example.
On the other hand, although some extra ingredients are required in the analysis,
the theory also applies if the proﬁle f  is assumed to be unique but an explicit family
F is not available. In these cases, if the asymptotic behaviour for the autonomous
equations is known for a class of initial data with an appropriate topological
structure, it is possible to construct an alternative family #F and establish the
corresponding stability result. Among other examples, we mention the blow-up
problem studied as ﬁrst application, with operator (1.4) but with parameter b40
(single point blow-up). A stability analysis for the unperturbed equation was done in
[11] by constructing a Lyapunov function for a wide class U of symmetric initial
data. We remark that for this problem, a geometrical approach to stability is not
known and the uniqueness of the proﬁle f  remains an open problem. However,
assuming that f  is unique, it is possible to construct an alternative family #FCU
and the stability result in an appropriate class of solution can be obtained.
4.2. On further extensions of stability theory
A natural extension would be the development of an analogous stability analysis
when the uniqueness of the proﬁle f  is not available and instead there occurs a
continuous one-parametric family of stationary solutions S: In this framework,
some new ingredients have to be used in order to establish the stability results.
However, key ‘‘topology-metric’’ ideas of this paper remain the same. We mention
two of the main applications arising in this context. The ﬁrst one deals with the well-
known focusing problem for the porous medium equation
ut ¼ Dum in Rn  ð0; TÞ ð4:4Þ
with m41 in dimensions NX2; where in the radial setting the second kind self-
similar Graveleau solution [2] is known to be asymptotically stable [1]. The second
one deals with the asymptotic analysis near the extinction time for the fast diffusion
equation (4.4) with mAð0; 1Þ: The stability analysis of this unperturbed problem was
performed in [13].
In both problems there exists a one-parametric family S of mutually intersecting
rescaled stationary proﬁle inducing a suitable S-relation of restricted partial
ordering. The study of the analogous singularity formations for the same equations
with perturbation can be placed in the context of this stability theory.
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